Deconfinement in gauge theories and symmetry-protected topological order are central to our understanding of strongly correlated quantum materials. A question of crucial importance regards the robustness of these concepts to the inclusion of fermionic matter fields. In light of this question, we study here a simple toy model, three antiferromagnetically coupled Kondo impurities, and demonstrate the existence of two distinct quantum phases which both preserve all symmetries of the model and thereby transcend the Landau-Ginzburg paradigm. An interpretation of the phase with dominant magnetic frustration in terms of symmetry protected topological order is corroborated by an irrational ground state degeneracy (suggestive of decoupled anyons) and a Wilson loop-like order parameter. We furthermore characterize the quantum transition between the two phases, which is driven by the proliferation of instantons in the emergent gauge field. Our work paves the way towards a better understanding of deconfinement in gauge theories interacting with matter fields. that the transitions out of such spin-liquid phases via partial Mott delocalization, e.g. in heavy-fermions materials, leads to Fermi surface reconstructions that has to be understood in terms of deconfined criticality [19] [20] [21] .
Introduction -Landau's idea of classifying phase transitions by means of local symmetry-breaking order parameters has prevailed the second part of the last century. In the 21st century, interest has shifted towards quantum order in the absence of symmetry breaking, which transcends Landau's paradigm. A prime example is quantum magnetism which for sufficiently strong frustration can give rise to spin liquids [1, 2] with fractionalized quasiparticles, new patterns of long-range entanglement and topological order [3] . Similar physics occurs at continuous phase transitions between ordered phases with different symmetries which require a fractionalized description ("deconfined criticality") [4] .
The study of doped spin-liquids at the vicinity of a Mott-delocalization has captivated the community for a long time and is believed to be of fundamental importance in cuprate [5] and iron-based [6] high-T c superconductors. The experiments on organic salts, e.g. κ-(ET) 2 Cu 2 (CN) 3 [7, 8] , and geometrically frustrated heavy fermion (e.g. CePdAl [9, 10] ) or layered (e.g. 4Hb-TaS 2 [11] ) materials have renewed the interest in spin liquids proximitized to a metal, which nowadays can also be artificially engineered in van-der-Waals heterostructures of graphene and RuCl 3 [12] . This intriguing physics is theoretically described by pre-fractionalization of spins [13, 14] , e.g. in terms of Abrikosov fermions, whereby gauge symmetries emerge. The particle-like spinon excitations can behave independently if the gauge theory is deconfining (Wilson loops obey perimeter law). While in (2+1)D quantum electrodynamics (QED 3 ) confinement is restored by proliferation of instantons in the gauge field [15] , the interplay of such "monopoles" with fermionic matter is a topical question [16] [17] [18] . At the same time, it has been argued Similar phenomena appear in the overscreened Kondo problem [22] [23] [24] [25] , or in magnetically frustrated Kondo screened impurities [26] [27] [28] [29] [30] , which lead to the fractionalization of the spin and an irrational residual entropy suggestive of decoupled non-Abelian anyons. The latter has recently attracted attention due to potential applications for topological quantum computation [31, 32] . The common theme for all these systems is the abundance of competing patterns of spin entanglement and their rearrangement at a quantum critical point (QCP).
Here, we investigate a simple toy model for signs of topological order and deconfinement: three frustrated spins on a triangle (triad) which are independently Kondo screened ( Fig. 1 a) [33, 34] . By mapping to exactly solvable models, we first demonstrate the existence of two distinct phases in the phase diagram, neither of which breaks any symmetries. We then systematically solve this problem for SU(N) spin symmetry group in the large-N limit, following three steps: i) We pre-fractionalize spins in terms of Abrikosov fermion 'spinons'. ii) Decoupling of interactions leads to a quadratic Hamiltonian [35] with U(1) flux Φ through the triangle. iii) We go beyond mean-field theory by studying 1/N corrections and the non-perturbative effects of instantons (i.e. phase-slips Φ → Φ ± 2π). The presence of these phase-slips makes the problem distinct from the two-impurity Kondo problem discussed extensively in the past [24, [36] [37] [38] .
Model -The model (Fig. 1 a) 
Conduction electrons in lead m are created by c †
and are assumed to have bandwidth D and density of states at the Fermi energy ρ. σ a (a = 1 . . . N 2 − 1) are generators of the fundamental representation of SU(N) andŜ a m are the corresponding spin operators. Einstein summations over spin indices α, β = 1, . . . , N are implied but summations over m are explicitly specified.
Summary of results -For largest bare Kondo temperatures T K = De −1 J K ρ ≫ J H the model yields a local Fermi liquid (LFL), see Fig. 1 b, in which each spin is Kondo screened independently by its own conduction band. The situation is more intricate at T K ≪ J H .
It is known [33] that for SU(2) spins, the LFL phase of T K J H ≫ 1 persists all the way to T K J H → 0. This is remarkable, since interwire coupling is known to stabilize a critical, non-Fermi liquid phase [26, 28] . In this work, we revisit this problem for anti-symmetric representations of SU(N) spins, described by vertical Young tableaux with Q boxes. We show that for a sequence of (N, Q) our model at smallest T K J H maps exactly to a composite spin overscreened by three conduction channels denoted here as 3CK. This limit is thus solvable and stabilizes a phase with non-trivial ground state degeneracy, which is thus different than the LFL at large T K J H . Yet, neither phase breaks any of the symmetries of the model.
Within the large-N approach, we not only reproduce the two limiting phases, but also the transition in between due to phase slips in Φ. The 3CK phase ( Fig. 1b) , where phase-slips are irrelevant, is characterized by the ordering of the symmetric ring exchange operator
which preserves time reversal, spin SU(N) and crystalline C 3v symmetries. In contrast, in the Fermi liquid (FL) phase the phase-slips proliferate. In this sense, the two phases are separated by a confinementdeconfinement critical point. Remarkably, both (FL and 3CK) phases are robust [39] against deformations of the triangle (i.e. unequal J H ) which make them suitable for experimental realizations.
Finally, we comment on special values of Q and N . First, the particle-hole symmetric representation Q N = 1 2, which is related to SU(2) spins, has mean-field solutions for which some of the links are missing and the flux is ill-defined (see Fig. 2 e, below). Moreover, the order parameter O s of the 3CK phase vanishes in this case since d abc = 0 for SU(2) spins. These arguments explain the aforementioned persistence of the FL phase down to T K J H → 0 for the SU(2) triad [33] .
Second, at commensurate representations Q = N 3, or Q = 2N 3, the spins form a singlet at small T K J H and the competition between Heisenberg and Kondo interactions is analogous to the two-impurity two-channel Kondo problem, i.e. the two limiting phases are FLs with conduction electron phase shift of δ c = 0, π. For these commensurate representations, instead of the 3CK phase, we have a FL * , i.e. a gapped spin-liquid which is robust to the Kondo interaction up to a threshold coupling, and a FL * to FL transition.
Mapping to 3CK -We first highlight an exemplary set of models about which we can make simple yet rigorous statements. These are the sequence of SU(N) models, with N ∈ 3N + 1 and Q = (N − 1) 3, include the fundamental representation of SU(4) as a special case, and as we now explain, exhibit 3 channel Kondo (3CK) behavior in the limit of large J H [39]. To this end, we first solve H H at J K = 0. In view of the choice 3Q = N − 1, the system is one spin short of an overall SU(N) singlet on the triangle. Hence, the ground states ᾱ⟩ ,ᾱ = 1 . . . N belong to the conjugate representation of SU(N) and matrix elements of spin operators in the ground state manifold are given by ⟨ᾱ Ŝ a m ᾱ ′ ⟩ = −σ ā α ′ ,ᾱ . The conjugate representation corresponds to a missing spin on the triangle. It is natural to also represent the conduction band in terms of holes c α,m (x ) → h † α,m (x ), c † α,m (x ) → h α,m (x ). In the limit of large J H we thus find a Kondo coupling
between the spin and a Fermi sea of holes. The model, Eq. (1), at largest J H is hence equivalent to the 3CK problem in the conjugate representation of the SU(N) spin. Thermodynamic quantities of this model are the same as the 3CK model for SU(N) in the fundamental representation. In particular, the ground state has an irrational degeneracy of g N = 1 + 2 cos 2π N +3 [40, 41] . In the following, we develop an approximate field theoretical technique which connects the two limits of the phase diagram, Fig. 1 Stratonovich transformation in the leading channel, discriminated by the large-N limit (see Fig. 2 a)
Here, t m = t m e iAm and V m = V m e iam and the Lagrange multipliers λ m enforce the constraint. Mean field solution -In the limit N → ∞, the bosonic path integrals can be evaluated at the saddle point level for static configurations of fields. At T K = V m = 0, Fig. 2 e demonstrates the stability of homogeneous solutions with t m = te iAm and zero or π flux Φ = ∑ m A m away from half-filling. Motivated by this, we concentrate on q < 1 3 and set V m = V , t m = t and λ m = λ, all real for now.
The mean field phase diagram, Fig Since the phase shift for all conduction bands is zero, we denote this phase "LFL * " [19] in Fig. 1 b. (iv) Finally, the mean-field phase in which both V > 0 and t > 0 is the focus of the rest of the paper. This phase persists to smallest T K J H at T = 0 and is separated from the LFL by a first-order phase transition (an artifact of the large-N approach) which can be weakened by including biquadratic (J 4 ) and ring-exchange (J s ) interactions [39] .
Symmetries -Before incorporating Goldstone fluctuations into our theory we summarize the underlying symmetry breaking. At the UV (t = V = 0), Eq.
for each spin/bath m separately. The three "Goldstone modes" are eaten up by the Lagrange multiplier λ m within the Read-Newns gauge [42] . Most interesting for the present study is the establishment of a spin liquid, in which t > 0 fixes φ m = φ + j(m − 1) 2π 3 with j ∈ {0, 1, 2} = Z 3 . Thus, the remaining symmetry H = U cf (1) × Z 3 is generated by the total phase φ and the insertion of a total flux of 2πj, i.e. a large gauge transformation which leaves the spectrum unchanged, but rearranges the eigenstates, Fig. 2 c. The symmetry breaking G → H is apparent within the Landau free energy [39] (valid at T = 0, V > 0 and smallt = t m T K ) Two combinations of A phases, parametrized by
x-independent wave function and, due to the compactness of fields, detached from the first excited state at energy 1 m x . Despite the mean field value t > 0, intersite Green's functions ⟨c † m c m+1 ⟩ ∼ ⟨e iam e iAm e −iam+1 ⟩ vanish upon integration of Goldstone modes, which is a consequence of gauge symmetry.
Confinement -Deconfinement transition -So far, we incorporated leading terms in a 1 N series. Now, we address processes with Boltzmann weight Γ ∼ e −N (instantons). Naively, these are strongly suppressed, yet we demonstrate a proliferation of instantons at sufficiently large T K J H . Instantons in gauge theories are non-trivial gauge field configurations which are bound to be a pure gauge at infinity. In the present case, these are phase slips, i.e. configurations of the field Φ(τ ) such that Φ(∞) − Φ(−∞) = ±2π, and we estimate their bare tunneling action Γ ∼ e −Nt for β ≪t [39].
Considering Eq. (4) with static fields t, V , we can artificially introduce [25] an additional Hilbert space associated to Φ = 0, 2π, 4π by replacing t → tσ Φ where σ Φ ≡ diag (1, ω,ω) and ω = e i2π 3 . The infinite resummation of phase slips is equivalent to the study of the effective Hamiltonian [39]
In the formulation of Eq. (6), two limiting cases become apparent. First, Γ t → 0 representing the 3CK phase. Second, perturbation about Γ t → ∞ demonstrates that t is RG irrelevant and the LFL is restored.
To study the transition between these two limiting phases, we consider the helical (i.e. Fourier transformed) This signals a quantum phase transition when the phaseslips overpower the first term at κ = 2, corresponding to t c ∼ T K sin(πq) √ N , Fig. 2 d. The residual entropy at the QCP is enhanced to S = ln(g) + CΓ 2 λ 2 + O(Γ 4 λ 4 ) by the instanton contribution, in consistency with the gtheorem [43] . The present model of logarithmically interacting particles on a ring of circumference 1 T can be cast into renormalization group language [44] : Γ renormalizes to infinity (zero) for t < t c (t c < t). However, contrary to the Berezinskii-Kosterlitz-Thouless transition, the stiffness κ does not flow.
So far, the deconfinement transition was studied by first locking Φ into one of the minima of Eq. (5) and subsequent perturbative inclusion of phase slips. The same conclusions may also be reached in a dual language (approaching the red star of Fig. 1 b from the right). In this case Φ is free to fluctuate and β ≪ 1 is considered as a perturbation. From this perspective, the 3CK (FL) is the phase where β is relevant (irrelevant). Crucially, near the transition, the dynamics of the Φ field is overdamped due to the interaction with the conduction bath, i.e.
. The problem of dissipative tunneling, i.e. S = S diss − ∫ dτ N T K β cos[Φ(τ )] yields a scaling equationβ = (1−1 η)β at small β [45, 46] , while the non-analytical nature of the "kinetic" (i.e. damping) term is believed to prevent a renormalization of η to all orders [44] . The condition η > 1 for relevant β is parametrically equivalent to t > t c , with t c given above. In the dual language it is manifest that Goldstone bosons ⃗ x do not affect the nature or position of the transition because they are by construction perpendicular to Φ.
3CK phase -Before discussing the physical properties of the 3CK phase, we briefly reiterate the connection to the three channel Kondo problem for T K ≪ J H in fractionalization language. In this limit it is convenient to evaluate Eq. (6) in a gauge in which t is real and positive. Since Γ is irrelevant in this phase, σ Φ is conserved. We project on the ground state (zero helicity h = 0) of the f -electrons (Fig. 2 c) and obtain the effective Kondo La-
with constraintf † α,0f α,0 = 3Q. As anticipated before, three channels of conduction electrons are screening a single spin and 3CK physics is expected. The soft modes associated with rotations of V m are gapped for
We proceed by characterizing the 3CK phase. First and above all, it displays the Kondo effect. While there is no magnetic ordering in any of the phases, the composite operator O s displays order similar to order by disorder [47] [48] [49] or vestigial order [50] phenomena. Regarded as an operator in the gauge theory (obtained by integration of fermions) O s ∼ sin(πq) 3t 3 ∼ Re(e i ∑ m Am ) is a miniature Wilson loop. This observation, along with the irrational ground state degeneracy (indicating anyonic zero energy excitations) and the fact that the 3CK phase does not break any of the physical symmetries in the original model (1) suggests the interpretation of the 3CK phase (and any multichannel Kondo phase) as a symmetry protected topological state of matter.
Conclusion -In summary, we have studied a Kondo triad of SU(N) spins when N > 2. Our work constitutes an analytically tractable example for a deconfinement transition in presence of conduction electrons [51] . The appearance of decoupled anyons in multichannel Kondo problems demands a generalization of the notion of topological order to boundary systems and the non-trivial interplay of instantons, fermions and and the gauge fields paves the way towards a better understanding of this elusive phenomenon. Beyond its purpose as a toy model, our investigations are relevant to the simplest clusterdynamical mean field theory [52] approaches to SU(4) Hubbard models on triangular lattices -and thus potentially to twisted bilayer graphene [53, 54] with approximate valley symmetry. We conclude with the prospect of directly probing the presented theory in quantum dot experiments: Recent advance on SU(4) impurities [55] , triad [56] , and three channel [57] Kondo physics may allow to artificially fabricate the setup Fig. 1 a and thereby conduct an experimental study of the deconfinement transition. These supplements contain (I) microscopic parameters of the Ginzburg Landau theory, (II) details on the mapping to the three channel Kondo model, (III) details on the evaluation of the partition sum (including a derivation of all effective actions presented in the main text) and (IV) a careful discussion of phase slip contributions.
I. MICROSCOPIC PARAMETERS OF GINZBURG LANDAU FUNCTIONAL
We summarize the coefficients of the Ginzburg Landau functional, Eq. (5) of the main text:
We have included the corrections due to biquadratic interactions
. At J 4 = 0 we have γ < 0 near the transition J H ∼ T K sin(πq), leading to a spurious 1st order transition, which is displaced from the deconfinement QCP. A derivation is included in Sec. III of this supplement.
II. MAPPING TO THREE CHANNEL KONDO PROBLEM
This section is devoted to the mapping of the frustrated triangle to a three channel Kondo problem. This mapping is possible for the sequence of models with SU (4), SU (7), SU (10) . . . (i.e. N ∈ 3N + 1) symmetry at filling q = 1 4, 2 7, 3 10, . . . (i.e. Q = (N − 1) 3) and is valid when J H is the largest scale.
II a. Solution of the triangle alone
We represent a given spin configuration with fixed particle number per site Q = (N − 1) 3 by
In this manifold, the spin is faithfully represented aŝ
We next act on Eq. (S4) with the Hamiltonian
The last term yields a mere shift of energy 3Q 2 J H N 2 for any of the states Eq. (S4), so we omit it. The action of the first term is the sum of permutations of two spin indices from adjacent sites. 
Therefore, eigenstates are obtained by sums over symmetric/antisymmetric permutations
We concentrate on the ground state, where the tensor has the following antisymmetry properties t α1,α2...,α Q ;α Q+1 ...α 2Q ;α 2Q+1 +α 3Q = −t α2,α1...,α Q ;α Q+1 ...α 2Q ;α 2Q+1 +α 3Q (Fermi-Dirac statistics within a given site) (S9)
(H H favors pairwise antisymmetry across sites) (S10)
To get the total number of states, we start by overcounting allowed possibilities. There are N options to place α 1 , N − 1 to place α 2 etc., leading to
states. However, we overcounted 3Q! different permutations, so the actual number of states is just
Thus, the following completely antisymmetriezed eigenstates are the ground state of the triangle at filling Q.
Here and in the following we label numerical normalization factors by N .
II b. Effective low-energy Hamiltonian
As a next step, we project the Kondo-triangle Hamiltonian onto the groundstate manifold spanned by the N states Eq. (S13). We begin by determining the spin-representation within the manifold of states Eq. (S13)
This result immediately follows from the consideration that all spin quantum numbers except α N (α N ′ ) have been used in the ket (bra). Thus the index of the creation operator β = α ′ N (β ′ = α N ) unless β = β ′ . We further used tr[σ a ] = 0. Instead of explicitly calulating the positive proportionality constant we show thatÑ = 1 by
Therefore, the effective Hamiltonian has the form
As a final step, we reverse particle and hole operators c m → h † m , c † m → h m , then
This is the origin of Eq. (3) in the main text.
II c. Robustness against inhomogeneity
At strong coupling the triangle is robust against moderate inhomogeneities in J H , as can be seen by the following evaluation of matrix elements of δH = δJ HŜ a 1Ŝ
Thus, inhomogeneities projected to the ground state manifold are proportional to the unit matrix and do not lift the degeneracy of states α N ⟩.
III. IMPURITY PARTITION SUM
In this section we present technical details on the evaluation of the partition sum. Throughout the paper, we consider the partition sum (and thus free energy and effective action) of the impurity alone. This is defined as Z impurity = Z total Z no impurity , where Z total is given by
Note that we employ Read-Newns gauge (V m > 0) throughout this section. The partition sum Z no impurity is the same partition sum of the three wires but without any Kondo impurities.
III a. Diaganolization of spinon Hamiltonian
The spinon Hamiltonian, see also Eq. (4) of the main text, has the form
where we use the three component notation f = (f 1 , f 2 , f 3 ), and similarly for c(x ) = (c 1 (x ), c 2 (x ), c 3 (x )) on each site of the wires. We rotate f = Uf and c = Uc electrons by U = diag(e i(A1−Φ 3) , 1, e −i(A2−Φ 3) ), leading to
This rotation appears at the expense of a vector potential
It is furthermore useful to expandf ,c in eigenstates with instantaneous energy k = −2t cos(k + Φ(τ ) 3)
In this basis the Berry connection is
In summary, the total Lagrangian under consideration is (we employ the notation D τ = ∂ τ + iA and λ k = λ + k (Φ))
III b. Static fields and mean field solution
We begin by studying the mean field solution. At this level, we consider all bosonic fields V > 0, t > 0, Φ = ∑ m A m as constant variational parameters, and A = 0. The fermionic integral yields an effective free energy
Here, ∆ = πρV 2 , η → 0 + and, s(−iz) has a branch cut on z ∈ (−1, 1) with a sign change from negative to positive (e.g. for 1D conduction electrons s(x) = x √ x 2 + x 4 ). The mean field equations involve the following two integrals
Here, γ EM is the Euler Mascheroni constant (with our regularization scheme T K = e −1 [ρJ K ]−γ EM η) and ≃ implies a zero temperature calculation. Note that δ becomes a step function (from π down to 0) as ∆ → 0.
Having established these prerequisites, we are now in the position of imposing the mean field equations
We readily see that ground state solutions are given by Φ ∈ 2πZ and order solutions as 1,2,3 = t (1, 1, −2) ). Then the first three equations yield
We readily recognize the Kondo solution t = 0, δ k = πq, ∆ = T K sin(πq), which is present for any T K J H . In addition, the solutions are given by the following equation For a plot of solutions see Fig. S1 . Several physical quantities can be directly expressed in terms of d = δ 1 − δ 3 , in particular, the spinon hopping: t J H = − d 3π , the occupation of the low level δ 3 = πq − 2d 3, the occupation of the high levels δ 1 = πq + d 3.
III c. Finite temperatures
Of the presented finite temperature phases in Fig. 1 b of the main text, the presence of the LFL and local moment phase is obvious. The existance of an LFL * and of the 3CK phase is discussed now by showing that there is a mean field transition T SL = J H q(1 − q) below which t develops a vacuum expectation value and a lower transition T eff K at which V spontaneously develops. For the perturbative solution in ∆ at finite T we use
and, perturbatively in ∆,
The mean field equations (perturbative in ∆) are then
3 ln
with λ k = (λ + t, λ + t, λ − 2t) and λ 0 = 2T artanh(1 − 2q) the solution without t. The mean field spin-liquid transition temperature is obtained by expanding the first two equations in t
For the solution of T eff K < T SL it is more convenient to use
and insert this into
We useλ
to replace temperature in Eq. (S36)
.
(S46) We thus reduced the finite temperature Kondo transition in the presence of finite t, i.e. finite ∆n to a single equation for ∆n
Numerical solution of this equation demonstrates the existence of 0 < T eff K < T SL for sufficiently small T K J H .
III d. Landau Free energy (perturbative in t)
We consider the case of small t and employ ξ = λ + i∆ = T K e iπq [S58]
Up to the effect of biquadratic and ring exchange terms (see following section), as well as the Hubbard-Stratonovich term 3t 2 J H , this expression yields Eq. (5) of the main text.
III e. Ring exchange and biquadratic terms
In the large N limit, the transition between LFL and 3CK appears to be first order. Here, we consider additional terms which ultimately overcome the first order behavior. We need
We first study ring-exchange terms of the form
These terms can be evaluated on mean field level as (T abc = J s d abc + J χ f abc and we use t m = te iΦ 3 .)
We used
This term enters β in Eq. (5) of the main text. We furthermore introduce biquadratic interactions
Their mean field decoupling leads to
This term enters γ in Eq. 
Therefore, on Hartree-Fock level
for small t J H can be reinterpreted as a renormalization
Hence we identitify
III f. Dynamics of Goldstone modes and total flux
In this section we derive the kinetic terms for Goldstone bosons and Φ(τ ).
Goldstone bosons
Before turning to the effective action of Goldstone bosons we comment on the structure 
and per definition χ m (τ = 1 T ) = χ m (τ = 0) + 2πj. Following Sec. II of this supplement, a convenient form of U = diag(e iA1−Φ 3 , 1, e −iA2+Φ 3 ), as it cancels the fluctuating gauge fields on the links. To make the quotient group G H apparent we factorize
The naive derivation of the Goldstone action implies the absorption the V (i.e. the SU (3) part of G) into f, c at the expense of a Berry curvature term A = −iV † ∂ τ V . The integration of fermions then leads to an effective action in terms of A, an thus implicitly in terms of A 1,2,3 . However, a certain care is needed for this procedure. The quotient group introduces an emergent Z 3 redundancy which is manifested in non-contractable loops (j = 0, 1, 2)
In particular, the absorption of f (τ ) = V (τ )f (τ ) changes the boundary conditions (f (1 T ) = −ω j f (0)), i.e.f (τ ) is generically not a fermionic field. We conjecture that the topological nature of π 1 (G H) = Z 3 is at the root of the ground state degeneracy of the 3CK phase.
To remedy this problem we choose a parametrization of U (τ ) such that the topological winding is manifest, i.e.
where both e iφ(τ ) andV (τ ) are periodic in imaginary time. In this parametrization it is apparent that the three different Z 3 sector correspond to the 2π winding of one of the χ m . In order to derive the effective action of V (τ ) fluctuations even for non-zero j, we thus absorb e −iφ(τ ) U (τ ) into fermionic fields (without changing their statistics) and integrate fermions subsequently. (with G cf the full Green's function of c and f space and G c the Green's function of conduction electrons)
The symbol "tr" denotes a trace in the space of the three sites and in time, "Tr" additionally includes the 2 × 2 space of c and f electrons. Specifically, we employ a gauge in which
The leading term is fixed by the constraint ∑ k δ k = 3πq (this result is true beyond mean field)
Note that, since Q ∈ Z, this expression is invariant yields a trivial phase 2π and can be omitted. Next we switch to the term of second order in gradients, which can be expressed as
The polarization operator under consideration is
We here used that
as well as the mean field equations, Eq. (S30). It is important to realize that remnant U (1) terms and SU (3) terms in Eq. (S74) decouple
The second term yields a vanishing contribution to the weight in the limit T → 0 and is disregarded. We further use that
The combination of Eq. (S75), (S77), (S78), results in the final result
It turns out that the two brackets in the prefactor of the integral are approximately one, so we omit them for simplicity of the representation in the main text.There, we employ the parametrization in terms of unit vectorsê m and ∑ mêmê T m = 31.
Total flux
To obtain the dynamics of the total flux Φ(τ ) we use δλ k = −2t [cos(k + Φ 3) − cos(k)] and obtain from Eq. (S26) a second order term in δλ k . Expansion in small ω ≪ ∆ viz. ω ≫ ∆ yields
The equation substantially simplifies for small t ≪ λ, and leads to the kinetic energy of Φ fluctuations
The ω term in the first line is the origin of the damped kinetic term presented in the main text and leads to logarithmic correlators.
Estimate of tunneling time and tunneling action.
As demonstrated in the main text, details of the tunneling rate Γ are irrelevant for the transition. We therefore constrain ourselves to merely estimate Γ, based on a tunneling event
In terms of dimensionless parameterst = t T K andτ 0 = τ 0 T K ,ω = ωτ 0 , Φ(ω) =Φ(ωτ 0 ) we obtain
To obtain the optimal tunneling time we use thatt ∼ β γ at the mean field first order transition. We thus obtain for any q such that sin(πq) ∼ 1
as quoted in the main text.
III g. Implications for interwire correlations
Using ψ = (c, f ) T the generating functional at mean field level, but including fluctuations of the Goldstone modes is
Here, U is the diagonal matrix introduced after Eq. (S21). Intersite correlator (obtained by differentiation with respect to η) thus contain averages like the following
We used the notation ψ ⃗ p (⃗ x) for eigenstates of (−i∇ ⃗ x ) 2 (2m x ) with eigenenergy ⃗ p 2 (2m x ). Thus, only intrasite terms survive. For t > t c (i.e. in the 3CK phase), the effective action of Φ fluctuations can be obtained by expansion about the minimum of cos(Φ) leading to
The correlator of phase fluctuations thus decays as
and therefore leads to long-range correlations
(S90)
IV. PHASE SLIPS
Here we include phase slips of weight Γ and time τ 0 which is assumed to be smaller than all other time scales of the effective theory. We now consider a single kink in Φ with shift 2π, which is associated to an amplitude [S59]
IV.a Instanton interactions
We consider the full partition function (generating functional) to second order in Γ.
where a phaseslip (anti phase slip ) is introduce at τ i (τ f ) and the sum over ± indicates the direction of the slip. The partition function is
We use that, before and after a phase slip, h labels the same quantum states, however their energy has been shuffled around cyclically h → h+1 . We can thus express the partition function in the helicity basis,
where (h index from now on suppressed unless explicitly restored)
and
where λ(τ ) = λ + δλχ τi,τ f (τ ) and χ τi,τ f (τ ) = 1 for τ i < τ < τ f and χ τi,τ f (τ ) = 0, otherwise. Note that λ = λ h = λ − h , for the ground state δλ = 3t, for one of the excited state δλ = −3t and for the third state δλ = 0 (k = ±2π 3 are degenerate).
Thus, the instantons generate an x-ray edge problem in each helicity channel. We follow [S60] and employ the long-time f-electron Green's function
with g = ∆ π(∆ 2 + λ 2 ) for the Kondo/resonant level problem. This leads to
where δ x = − arctan(πgδλ). The first (classical) term cancels upon taking the product of h, leaving only the logarithmic repulsion. This concludes the derivation of κ = 2N (δ x π) 2 as presented in the main text.
IV b. Infinite order resummation of phase slips
We now switch to the full resummation of phase slips. We consider an amplitude for Φ → Φ + N Φ 2π and denote n andn the number of kinks/antikinks (i.e. n −n = N Φ ) and their center of mass time τ 1 , . . . τ n+n . Different instanton sequences correspond to the integral over these variables. Then the amplitude is (S97)
In the second line, the ± refers to the sign of the first kink. We can now use that the Hamiltonian between two kinks is time independent and the evolution operator between two kinks is 
We used the Fourier transform on 3 with periodic boundary conditions (i.e. with possible wavevectors θ = 0, ±2π 3) such that ∑ θ e iθN = 3δ N,0 and ∑ n e inθ = 3δ θ,0 . Here, (n+n)! n!n! is the number of possibilities to arrange the n upsteps if there are n +n steps in total. The factor 1 (n+n)! accounts for the fact that the integration domain has been increased from an explicitly time ordered n +n dimensional integral in Eq. (S97), to a n +n dimensional hypercube.
The total partition sum is given by (we use ∑ N Φ e −iN Φ θ = 3δ θ,0 for N Φ = 0, ±1)
We now restore the matrix space of different vacua. In total we obtain Going to interaction picture w.r.t. H 0 and expanding the partition function in Γ we have Z Z 0 = ⟨T τ e − ∫ 1 2T −1 2T dτ H Γ (τ ) ⟩ 0 (S116) = 1 + Γ 2 2 dτ 1 dτ 2 ⟨T τ e τ1H0Ô e (τ2−τ1)H0Ô e −τ2H0 ⟩ 0 (S117) = 1 + Γ 2 2 dτ 1 dτ 2 ⟨T τ e (τ1−τ2)H0 e (τ2−τ1)ÔH0Ô ⟩ 0 (S118)
⟨T τ e (τ1−τ2)H 0h [Φ] e (τ2−τ1)H 0h [Φ+2πα] ⟩ 0 (S119) whereÔ = τ +1 + τ −1 , we used that the linear-in-Γ term vanishes due to trace and use the cyclic property of the trace with the Boltzman factor e −βH0 Z 0 to shuffle the time-evolutions. Using Eq. (S113):
we can write
where we used that
As a reminder, ∆Ṽ h can be related to the phase shift
which leads to
Up to subleading terms in small t (which are not important near the transition), this exactly reproduces Eq. (S96). The time-integral leads to
where C ′ is a constant. The corrections to free energy F 0 = −T log Z 0 is
In this section we compute the correlator ⟨σ Φ (τ )σ Φ (0)⟩ which is related to the order parameter ⟨O s (τ )O s (0)⟩ or ⟨Φ(τ )Φ(τ )⟩ in the paper, within the t − Γ Hamiltonian H = H 0 + H Γ . In the Γ t ≫ 1 regime (FL phase) this is exponentially decaying. This can be seen easily in a basis in which the −ΓO term is diagonal. In the limit of large Γ, we can use a unitary transformation
